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We describe how points may be placed on colicctions of algebraic varieties
so that the resulting system is unisolvent for polynomial interpolation. We also
give formulas for the corresponding Vandermonde determinants.  © 1991 Academic

Press. Inc.

1. POLYNOMIAL INTERPOLATION IN R”

We will denote the space of polynomials in » real variables by #. #,c #
will be those of total degrec at most d. Now suppose that £c R” is some
set. Let [(E):= {pe | p is identically zero on E}. Then, the polynomials
of degree d, when restricted to E, form a certain vector space, %,(E) say,
which we may identify with the factor space 2,/I(E). For instance if £ is the
unit circle in R, then #,(E) is the space of trigonometric polynomials of
degree d. Of course E= R”, or even if E contains some non-empty open set,
gives all polynomials of degree d.

Now 2,(E) has a dimension which we denotec by N,(F). The polynomial
interpolation problem is then, given N,(F) points x,€ E and N (E) func-
tion values f,, to find a pe #,(E) such that p{x,)=71,, all . We will say
that X := {x,, .., xn, )} < E is unisolvent if the interpolation problem has
a unique solution for all given sets of function values.

In studying unisolvency it is useful to introduce the (generalized)
Vandermonde determinant. Pick a basis {q,, ..., ¢n, s} for Z,(E). Then for
X as above,

VDM{II;‘(X) 3=det[(h(xﬂ)]1<1.ﬁ<.~d<i_')~
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Although this determinant does depend on the basis which is used, it is not
difficult to see that the determinants for two different bases differ by a
factor of the determinant of the basis transition matrix. Thus for questions
of unisolvency, the choice of basis is not important.

Now, it is also not difficult to see that X is unisolvent iff ¥DM4(X)#0.
Equivalently, X is unisolvent iff there is no pe Z;(£) such that p(x)=0,
Vx e X. In one variable, for E= [a, b], it is well known that X is unisolvent
as long as the points are distinct. However, these questions are much more
difficult in scveral variables. It is the purpose of this note to give some con-
figurations of points for which it is not too difficult to show unisolvency.
These are described in Section 3. In Section 2, as a preliminary, we
discuss the special case when E is an algebraic variety. In Section 4 we
discuss the computation of Lagrange polynomials and the corresponding
Vandermonde determinants. An illustrative example in R? is presented in
Section 5. These results generalize some of the results of Chung and Yao
[31 and Gasca and Maeztu [4], where the authors consider Lagrange
interpolation at points constrained to lie on hyperplanes. Further, Chui
and Lai [2] give a formula for the Vandermonde determinant in this
special case. In [4], the more general problem of Hermite interpolation is
also treated but this will not be considered here. Some of these results
appeared in a less general form in [1].

2. THE CASE OF E AN ALGEBRAIC VARIETY

Suppose now that E is a real algebraic variety such that its ideal, I{E),
is principal; i.e., generated by a single element P say. Of course, we assume
that E is non-empty. In this case we may actually compute the dimensions

N (E).

LrMMA 2.1 Ny(E)= Ny(R") = Ny geim(R").

Proof. By our assumptions %,(E)=2/I(E)=2/(P). Hence p~gq in
Z(E) iff p—q=rP for some re 2, ;.. p. It is not difficult to see that this
implies that N,(E)=dim(%)) —dim(2,_ 40py)- 1

Now suppose that X< E is a unisolvent set of N,(E) points. In par-
ticular, if peZ,(E) is such that p(x)=0, Vxe X, then p=0 (in Z,(E)).
More generally, if pe &, is also such that p(x)=0, Vxe X, then p=0 on E;
i€, pel(E) and so p=rP for some re #. We will have occasion to make
use of these simple properties of unisolvent sets.
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3. CONFIGURATIONS OF POINTS LYING ON A COLLECTION OF
ALGEBRAIC VARIETIES

Suppose that V,, V,, .., V,, are algebraic varieties such that I(V,) is
generated by P,e Z,. We will also require that the V;, pairwise, share no
common components, or in other words, the P, are pairwise relatively
prime. We abbreviate N,(V;) to N}, and N,(R") to N, Our goal is to
distribute N, points over these m varieties in such a way as to produce a
unisolvent set. However, the number of points which may be placed on
each variety is limited.

LEMMA 3.1.  Suppose that X < R" is a set of N, points. If greater than N/,
of these lie on V;, then VDM%,(X)=0.

Proof. We will show that then there is a pe#, such that p(x)=0,
VxeX. By Lemma 2.1, N;=N,—N, ,. Hence there would then be
strictly fewer than N,_, points not on V, Thus there would exist a
ge ?,_, which is zero at all the points off V;. Then p := P,q is zero at all
points of X. |}

The numbers of points that we do place on each variety is based on the
following simple calculation.

LEMMA 3.2, Suppose that d\+ --- +d,. ,<d but that d,+ - +
d,=d Then

Ny+NZ .+Ny 4 ot - +NJ

d dy - dm

_y U At td,=d
YN0 if dy+ - +d,>d

Proof. ByLemmalI, N +N2_, + -+ N7 . . ={Ny;~N, 4}
+‘{Nd dl_Nd d) d2}+ +{Nd dy- - - dy |_Nd—d;—-~ —dm}‘ If d1+
-+ +d, =d, this collapses to N,— Ny=N,—l,and ifd, + --- +d,>d to
just N, 1

We are now ready to describe the configurations of points which form
the content of this note.

Configuration. Suppose that V,, ., V, are algebraic varieties as
described above such that d,+ --- +d,,_,<d but d,+ --- +d,, =d. Set

s;=d—d,— ---—d, ; and let X,cV,; be a set of N distinct points,
i=1,.., m Further, suppose that the X, are pairwise disjoint. Now, if
di+ - +d,>d set X=X,0---ulX, and if d,+ - +d,=d, set

X=X,u ---UX,u{a} where aeR" is not on any of the V.
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By Lemma 3.2, card(X)= N, and it is this set of points, X, which we
consider. As it turns out, the unisolvency of X depends only on the
(possibly) simpler problems of the unisolvency of the X;.

THEOREM 33. If VDM, (X,)#0, i=1,..,m then VDM%,(X) #0.

Proof. Suppose p, e, is such that p,(x)=0, Vxe X. In particular,
pi(x)=0, Vxe X,. But then, as VDM (X,)#0 by hypothesis, p, e I(V,)
so that p,=p, P, for some p,e%; ,. Then p)(x)=0, VxeX,, so that
p,€I(V,) and hence p,=p,P, for some p,e? , 4. Continuing in
this manner we see that p,=cP,P,---P, for some constant c¢. But
if d+---+d,>d, as deg(p,)=d, this is impossible unless ¢=0. If
di+ -+ +d,=d and ¢#0, p{a)=0 implies that at least one of
P.(a), .., P,(a) is zero, contradicting the choice of a. Hence p; =0 and the
result follows. |

In other words, X is unisolvent for interpolation by polynomials of
degree d if each X is unisolvent for interpolation by polynomials of degrec
s, on the varicty V.

4. LAGRANGE POLYNOMIALS AND VANDERMONDE DETERMINANTS

If X< R” is a unisolvent set of N, points, then for each xe X we may
form the Lagrange polynomial, /. € 2, defined by

L(y)=0,, VyeX.

Here § is the Kroneker delta. More generally, if £ R”" is some set and
X < E is unisolvent for interpolation by #,(F), then again for each x € X we
define the Lagrange polynomial L e #,(E) by

L{y)=é., VyeX.

The Lagrange polynomials are fundamental to the study of polynomial
interpolation and much of the one-dimensional theory is based on an
analysis of their properties. In several variables explicit formulas are only
available for some simple cases, but as it turns out, there are recursive
formulas for the points in our configurations.

THEOREM 4.1. Suppose that X = R" is a set of N, points in the configura-
tion of Section 3 which satisfies the unisolvency hypotheses of Theorem 3.3.
For xe X, let L,e Z.(V;) be its associated Lagrange polynomial and I e 2,
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be such that L | v,= L. Then for xe X,, the Lagrange polynomial I, is given
by

0.— Y X 0 if di+ - +d,>d
[ = J=i+1 yeX;
0.— Y Y onL-0.a)l, if di+ - +d,=d
J=i+1l yvelX;
where

i—1
Q.=L.x[] {PiP,(x)}
J=1

Incase d,+ - +d,=4d,

L=[] {PiP(a)}.
j-1

Proof. First note that if xe X, with i> 1, then / (y) =0, Vy e X, and so
[.eI(V)). Therefore, [, =¢, P, for some q,€ %, ,. Similarly, if i>2, / is
also zero on X, so that ¢,(y)=0, Vye X, Hence q,el(V,) so that
g:=q,P, for some g,€%, , .. Continuing in this manner we see that
Ly, =0for 1 gj<i

Next consider Q.. As L, e#, Q.e#,. By construction Q. (y)=0,
Vye X, 1<j<i Moreover, if yeX,, y#x, L (y)=0, and so Q.(y)=0.
Clearly Q,(x)=1. Hence Q, has the correct values of /, on X, 1 <j<i It
needs only be adjusted to have zero values at X, j>i.

Now 37 ., ZyeX/ Q.(y)l,eP, iszero on Vy, .., V, by the first remark,
and interpolates Q, at X,, v --- v X,,. Thus subtracting this expression
from Q. has the desired effect. If d, + --- + d,, =4, then in addition Q (a)/,
must also be subtracted. The formula for /, is easily verified. |

The Vandermonde determinant is also of some interest. For the
configurations of points considered here, it turns out that this determinant
factors into the products of the smaller determinants belonging to X.

THEOREM 4.2.  Suppose that X < R" is a set of points in the configuration
of Section 3. Then

you4,0=C-K-T1{ T1 1 P00} ¥DM3x),

i=1 \xekX, j=1 J

where C #0 is a constant independent of X and
1 if di+ - +d,>d

K={ n
[l Pia) i di+ - +d,=d

i—1

64064 3.1
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Proof. Suppose first that d;+ --- +d,,>d Now the proof is much
facilitated by the choice of a convenient basis for #;,. So suppose that
B, 2, is a set of N polynomials such that B,{,, is a basis for #, (V). Set
B= U,_1 B,, wherc B,={[1;Z| P,} B.. We claim that B is a basis for #,.
Clearly Bc #; and by Lemma 3.2, card(B) = N,. Hence it suffices to show
that B is a linearly indcpendent set. But suppose that some lincar combina-
tion Q :=3% ,a,p=0. In particular, Q|,, =0. But then, as for i> 1, each

element of B, has a factor of Py, 3, 5, %P = 0 on V,. By our choice of B,
as a basis, 2,=0, Ype B,. Proceeding in a similar manner we see that
a,=0, Vpe B,, etc. Hence all coefficients are 0 and B is indeed a basis.

Now form the Vandermondc matrix in the following block form. The
first N} rows are all the basis polynomials evaluated at the points of X,
the next N 2 rows are all the basis polynomials evaluated at the points of
X,, etc. Slmllarly, the first N columns arc the polynomials in B, evaluated
at all the points, the next N2 columns are those in B, evaluated at all the
points, etc. By construction, the polynomials in B, are zeroon X, 1 <j <,
and so this matrix (Fig. 1) is actually block lower triangular and the deter-
minant is the product of the determinants of the diagonal blocks.

Now consider the ith diagonal block. It is the matrix formed by
evaluating the polynomials of B, at the points of X,. But recall that

={T1;=] P;} B;, where B, restricts to a basis for 2, (¥;). Thus the row in
this block belonging to xe X, has the common factor, I‘L’Z} P;(x) which
may be factored out of the determinant. Hence the determmant of the ith
block is {1, .y, j‘;} P,(x)} VDM (X)), from which the formula follows.

The case d, + --- +d,, =d is similar and is omitted here. }

In an interesting special case we obtain a formula for the determinant
highly reminiscent of the well-known onc variable formula. Indeed, this

case reduces to that formula when n=1.

1 2 m
——— —— — N —
X, { 0 o] o)
xz[ O O
O
XHI[

FIGURE 1
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COROLLARY 4.3, Suppose that X < R" is a set of points in the configura-
tion of Section 3, but that each of the varieties V; are actually different level
sets of a fixed polynomial. That is, there is a P such that P,=P —c, for
distinct constants ¢;. Then

VDML(X)=C-K- ] {II] [ci—c,]""i} VDM (X,),

i=1 =1

where C#0 is a constant independent of X and

I if di+ - +d,>d
K=

m

[T {P@~-c} if di+-+d,=d 1

i=1

Remark. C is independent of X but only under the condition that the
V, are fixed. C is dependent on the chosen basis of #,, and so in this last
case, for instance, C does depend on the ¢,. Tt is, however, guaranteed to
be non-zero.

5. AN ILLUSTRATIVE ExaMPLE IN R?

Let P(x,, x,) = x? + x3 and consider P, := P — R? with distinct R,>0. ¥,
is then the circle of radius R;, centred at the origin. In this case
di=dy=--- =d, =2 so that we must have m=[(d+ 1)/2 ] Tt is easily
checked that d, + --- +d,, >d when d is odd and equals 4 when d is even.
In the even degrec case we take our extra point a:=(0,0). Then
s;=d—2(i—1) and as, in two variables, N,= (d + 2)(d + 1)/2, the number
of points placed on V, is

N'b :‘IV.‘—]VL_ 2=2S,+ 1

5 s

Z(V,) 1s the familiar space of trigonometric polynomials of degree k£ and
as is well known, any 2k + | distinct points on the circle are unisolvent,
Hence letting X, consist of any 2s,+ 1 distinct points on V, (with one
at the origin if 4 is even) always provides a unisoivent set. We begin by
illustrating the calculation of the Lagrange polynomials. For simplicity we
take d=2and R, =1. Then m=1, N,=6, and s, =2(2)+ 1 = 5. Hence five
points are placed on the unit circle and the sixth at the origin. Again, to
simplify the calculation, suppose that the five on the unit circle are equally
spaced with one at (1, 0). We see easily that /5 o,(x, xo)=1—x] —x3 and
calculate, for example, /o, according to the formula of Theorem 4.1.
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Restricted to the unit circle, we have a trigonometric interpolation problem
and it is easily seen that

L,0)(0) = {3+ cos(#) + cos(26) }
so that
Z(I‘O)(Xl X)) =33+ x, + (x] —x3)},
for instance. Hence, in this case,
Quo(x1, x2)=3{3+x, —x{—x3}
as well, and

Loy X2) = QX1 X2) — Qu.oy(0, 0) fg 00Xy, x3)
=H2x, +3x? - x3}.

One form of the Vandermonde determinant may be immediately com-
puted from Corollary 4.3. A curious consequence of this formula is that
V.(X) does not depend on the orientation of the points on X,. This is due
to the fact that the trigonometric Vandermondian is invariant under
rotations.

Now in some circumstances it is useful to know precisely how the deter-
minant depends on the points, or in other words, to know how the C
depends on the radii. In order to see this we must compute the determinant
using a basis for 2, which is independent of the P,. It turns out that there
is such an independent basis which is still convenient for the computation
of the determinant. We give the construction for the 4 odd case. The d even
case is only slightly different.

First let &, := {1, Re(z), Im(z), Re(z?), Im(z?), .., Im(z¥)}, where z:=
x, +ix, and (temporarily) i?= — 1. Then on the circle, xZ+ x}= R?, %,
restricts to {1, R cos(0), R sin{6), ..., R sin(k6)} which is a basis for the
trigonometric polynomials. Note also that %, _,c%,, k=1,2,... The
existence of such “universal” bases is not particularly unusual.

LEMMA 5.1. Let Pe 2 with deg(P)=1 and ¢, c, € R. Suppose that for
k=0,1,..,d, B, <P is such that B, restricts to a basis for /(P —c,) and
that 8, .\ < By, k=1, ..., d. Then B, also restricts to a basis for Z,/(P—c,).

Proof. As the dimensions of #/(P—c¢,) and Z/(P — c,) are the same
we need only show linear independence of %, in /(P — ¢,). Hence, sup-
pose that Q €span(4,) is such that Q ~0 in Z/(P—c,); ie., Qe (P—c,).
Then Q=(P—c,)r for some re?_,ep), so that Q=(P—c)r+
(¢, —cy)r. Thus, O~ (¢, —c,)r in Z/(P —c,). But deg(r) =d — deg(P) and
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so Q€B, 4qrm and hence deg(Q)=d—deg(P). By repeating the
argument, deg(Q)=d—2deg(P) and cventually we arrive at a contra-
diction.

Now take B, := 4, of above, i=1, .., m. Then B,{, is a basis for Z, (V).
Let D,:=P'"'B, and set D:=|J" , D,. In the proof of Theorem 4.2 we
made use of the basis B= {7, B, where B,= {T];_, P,} B,. We claim that
D is also a basis for &, and, moreover, the Vandermonde determinants
computed using B and D are exactly the same. This follows from the fact
that the transition matrix from B to D has determinant + 1. Again, a morc
general result is available.

LEMMA 5.2. Suppose that B,= P, i=1, .., m are such that B> B,> ---
> B,, and that P is some polynomial. For ¢, .., ¢, € R consider the two sets
B:=U" {I1,..1(P—c)}B, and D:=\)7. P'"'B,. Then the transition
matrix from B to D has determinant + 1.

Proof. Set B,:= {IT;.1 (P—¢))}B; and D,:=P"'B,. Organize the
transition matrix into the block structure shown in Fig. 2. Since B, =D,.
the first column is just [1}0‘0: IO]'. Now if pe B,, then p=(P—c¢,)q
for some g B,. But then Pge D, and as B, < B, = D, p can be expressed
as a linear combination of the corresponding element in D, (ie., Pg) and
elements of D,. Thus the second column is just [* IIIOI }0]’. Con-
tinuing in this manner, it is not difficult to see that the matrix is block

upper triangular with identities on the diagonal. Hence the determinant
is +1. ]

Using the bases B and D are therefore equivalent and so from Theorem
4.2,

m { [
VDM4(X)=C- ] iﬂ I Pj(x)} VDM, (X,),
i1 x€X, j-1
l:il E;Z """" B
—— —— ——
f)l{L [ | '
-
D, | i
? ek _
AR
| : :
i H L. |
.. : :
X !
Dml l |

FIGURE 2
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where VDM 3 (X,;) is computed using the basis #, of above and C is
completely independent of X. First note that we may simplify

i-1 i- 1 241
[ 11 Aw={IT &=}

xeX, j=1 =1
Second, if we write X, = {R,(cos(8;), sin(6,))} 7% | ' in trigonometric form,
1 R, cos(fl,) R sin(8,) R sin(s,6))
VDM (X)) = ‘ 1 R, cos(0,) R} sin(s;8,)
‘ 1 Ricos(0y,-1) R;sin(0y,,,) -+ Rjsin(s;05,4 )

which is just R?{'+2* s} times an ordinary tirgonometric Vander-
mondian of degree s;. Hence sctting X, := {0,, ..., 0, , , }, we see that

m i—1 25, + 1
VYDME(X)=C- ] Ry "{H (R?—Rf)} VDM, - \(X),

i=1 S=1

where C is completely independent of X.
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